Lecture 23

Limitations of IPs

Foundations of Probabilistic Proofs
Alessan dro Chiesa



IPs with Bounded Communication

Let IP[PC=\] =7 \Omsvaﬂes decidable via IPs where prover sends | bit .
Q: Is IP[_PQ=I] trivial (conrained in BPP) 7
A: Un\ikq\y, becavse GNI e IP [PC"] oand GNI is not Kwown Yo be in BPP.

=P Cyan IPs with swmoll communication can decide non-trivial lavxsvagzs.

Q: COV\ we hOPQ ]Co\— SAT e TF I: \)Q: o(n) ] 7 (Pc S Sublinear n number of vaﬁqb\zc)

Note Hiat CSATEeNPC TP <o we ore as\:imj i there is on IP for SAT
Hat PrOV\dQS an ivv\Provuv\QM' W communication over the trivial IP .

(send the candidate ass33nmm+)

Today we study IPs with Bouwpep Communication:

prover Sends pc bits .

« I°F [Pc NC, v 1= 7 |om3uoxacs decidable via IPs where {vo.\-i{?{mr sends ve bits
verilier vses vr random bits

« AM [PQ,VQ, vr 1= //Sc\ma os obove but vio pvblic- Coin I?s“



Warmup: Short Proof = Easy Language [1/2]

DQ{:“\Q’ N P[F“]" //NV |°~'\av°3es where the proof s’r\-’ma (aka witness) is pe bitg "

lemmar: NP[pc.] - DTIME(ZO(PC)' Poly('\))

M_: T\'y every Foss{bll P\‘0°{: S'I'\".’\ﬁ'

Ax):= [, For evary AP proof fre o : if Vyp(xA)=1 then ouput).

2. O\I\'Pv\' 0. .

Noew we consider Prooff sh—iv\as checked with randomness.

Define MALEe,Es, pe,vr]= " languages  decidable via pe-bit proof ttrings With compleheness error &

and soondness ertor €, using vt bits of rondomness

lemma: @ MA[E¢Es, pe,vr] S DTIME( ZO(P‘*Vr).Po\y(n))

@ MALEeEs,pe,vr] € BPTIME (1°‘P°).Poly( L n)

I-§
Proof of @: try all possible
Prool o @ : we need a new

ProoL sh-iv\as and randomness strings

idea  becovse we CannoT afford ’rryiv\s all rendomness gitings



Warmup: Short Proof = Easy Language

MA L€ s, pe,vr] € BPTIME (220%). poly (= ,h))
T dea: APPROXIMATE Hhe QCC(P\'QhCQ Probobi\i+)o for every possible MA proof.

Alx):= 41 Sam[ale f.,...,gbe{O,\}V.“

2. For every MA proof e {0/|}P<; T :—&
° COMFU'I'Q N(-?'\')"z |{|Q[[;] I VM*()(/'T'r/‘P})zl}l . "sc'ssﬁ 1 l-f;+€g
. T NG/E > EESES then autpot | 1,
L
3. O\)‘l‘Pu\’ 0. o

V/4 \
For ® ond g, Z(T,8):= indicator that VMA(XfT"';S):' .

[2/2]

2(Wg.),.. 2 (T g) are iid. somples from the Bernoylli distribution with bios §(F):= B vy, (x.5;8)-)

By on additive Chernold boond | B o [+ Z5 2680 - SE)>a] < expl-£-00),
{XQL — I st M) =z1-5c
&gL - V':RL 8(~)<Es

} = We need 0Q< ((\ -€¢)- Es) 'I"o IS‘\’\V\S\AS'/\ bd'WCQV\ 'H\QSQ

TL we s b.=0(4 o FQ) then each estimation 15 within o except  w.p. exp(-pe).

By o union bound across the 25 eshimations , A has constant +yo-sided error



The Case of Interactive Proofs
A similar statemenr holde for any IP:

Hheorem: ® TIP[Ecs, peve,vr] <€ DTiME (20 (petverve). -poly (w)
@ TPlEcks pevcur] ¢ BV”ME( Olperre). Poly |-&,- ss’h))

©: it we bound (+wo-woy) communication omd randomness
Hhen we can decide the language in determinictic exponential time

@: it we bound (+wo-way) Communication OV\,)/
Hen we can decide the lanqusq in probabilistic  exponential Fime

=P telotion betwewn  Communication Complexity of TP
and the time complexity of the \angva%c AY decides

5<0\m1>\<1 JEo( 3SAT . it s unl\K‘Lly Hat 3SAT € TP [Pc o(n), ve- o(h)]
T+ wold imply Hat 3SAT e BPTIME ( olr) ) , conﬂad\d‘m% RE/'TH.

Rondomized Exponential ~Time Hypothesis: 3 cro - 3SAT ¢ BPTIME(2™")

Q: What obout one-way communicaTion? We discyse His loter.



Game Tree for an IP

A transcript (of imteraction) is @ tuple (@b, .., Ok, by).

An o\vsmmfed Transcript is (G1,by, .. Oc by F) whetre r is verifier rowndommess.

Fx an IP veritier V and instance X.
The qame. tree. T=T(V,x) of VX) is +he +re
of all possible avgmented transcriphs =y

'FO( | = O/I,..-/K-\:
« veribier moves af level 2\

. prover moves at level 2i+)

Eclcao.s Lrom 21 to 2i+\ are {)ossib\t moveS by verifier,
Ed%o.s from 2 4o 2(i+1) are possib\q moves by prover.

e O

verifier moves
- —sem—= ]

'Pl"OV(’_l’ moves

O

vertier
moves

3

........ -1k
Consistent
randomness
- 2k+

Edaqs Lrom 2K +o 2kt are Rossible randewm sttings  consistent with Transcript.



e D

VQl’i(:l'Q\' moves

Approximating the Value Suffices

The valve of +he +ree s val(T) = val (root),

The value 0‘; o node 18 recursSively defined : prover moves

oOR

— 2
. Va\( leq{: node tr = (a‘,b\,...,a\n,bn,r)) = V(X,bl,...,bk ;\’) ’ V,f\f,‘%,‘f;
+ val ( infernal node tr=(a,b,..,0:.b) at level 7.'\) ? 3
=[F val ( child node (a‘,b\,...,a;,b;,an.) at Jeve Zi+')
Qi Ssampled occording 1o this verifier messoges probability Cons}éelj\+
R Vel ( internal node tr=(ayb,..,0;,b; ain) at level Z’H-\) mhd{vlzrllss

= mbax Vod(ckild node (au,b.,,..,a'.,,,,bm) ot level 2'|+2_).

@ This includes the special layer 2k, where the randomness - con. be viewed os o Beritiovs final verifier MESSAqR.

Observe: X € L - val(T) = %4 } fo decide xéL it suffices +o
X L= val(T) s Y3 opproximate Vol (T) to withn T

We showed thot wal(T) is Compv‘l‘ablz, In space Poly(v)) (ond Hvs Fime exp(poly(n))),
ToPAY : We analyze the time complaxity fo  approximete.  val (T).



Bounded Randomness & Two-Way Communication

Hheotem : TPLE, &, pe,vc,vr 1< DTiME (2P ool ()

let ¢ - PctVCtvr be a bound on communication AND randomness.

The number of wodes in the tree T(Vx) ig 29 becavse -

— the number of possible transeripts is < AR ,

- each transcript has <2" possible avgmentations.

Hence , we can compute val (T(V,X)) exactly in time 2. poly(n),

lpy wri’rina down the *ree T(V.x) and J(—ollo\n/iv\j the recursive computation.

Q: How fo compute the probabilities of verfier me s3oge s
Associate to cach werifier nede the sut of random strings Consistent with franscript so far.
Theraking over this set partitions i by +the next verifier mestage.

Note that no parﬁ%imivxs occors at prover nodes = S$o the Some  tondomnest @

may appear in wmultiple |eaves.

?C‘I’W

Note : con Set c= pe+Vvr becavse +he number of avgmented franseripts s < 2



Bounded Two-Way Communication

theotem : IP[& & pe,ve vr] € BPT'IT’IE(,’LO(FUVC). poly l—;.;-ss’h))

Let ¢:= petve be a bound on communi cation owLy.
There are <25 possible transcripts . (Hence 2% inkernal nodes.)

PROBLEN: eo\d\ 1’\’QV\SCriP‘|’ W\Qy }\OWQ poly ) avsmen{'qﬁons
so we camnot construct The tree T in time 2 OC)Poly( e
nor compute the probabilitiec of verifier messoges in T
TPEA:. U rondomhess fo  APPROXiMATE val(T) in Time 2 o P°')’(|s ")

with bounded probability of error.

Let (P,V) be an IP for Le IP[&,ES,FC.,VQ,V!’].

We design O 20()Po|y( ,n) -time  probabilishc o|<30ri+hm A st

2 [1 AW -val (T(v,0) | > € € & -

Setting €= 5&  Fhis suffices becavse: fxel = val(T(v,x)) » |-&
xgl = val (T(V,x)) < &




Proof

A(X)
L St E=O

C

3. Conctrver T(V,x)[R], +he residual qame free obtained by omi‘rh’ng
nodes in T(V.x) inconsistent with R={<§\,M,gt} (ond odjvs’rinj wei3\n’rs).

28.’})'

Z. Sample 9,0 independently at random in {on}".

4. COW\FVTQ ond ovtput val (T(v,x)[R]),

The a\ﬂori’rhw\ FrUns in time lo
- TWXR] has size 2%k =

- the Funning time is Poly(lT(l/,x)[K]\)~po)y(n).

We are left to arge CORRECTNESS .

We prove t+hat:

lemma %[ | val (T(V,)[R1) - val (T(v,0) | > € [« L

Henceforth we write

100

T = T (V,X),

Po\y( 1 n) becavse:

[1/4]

10



Proof [2/4]

lemma: %[ Ival(T[K]) - val (T)l > E]sl

(0o

Defline \ik to be the verifier V restricted to sample randommess in R rather than Iy
Obsere +ha¥ VQ‘(T[K])= h\gx B-[<§',Vg()()>='].

Fix o prover strategy P and define:

A(PR) = B [KFVixe>=1] - B [<FVixg)r=1]
geR geion}
. 2 [<B V=] - Er[<?,V(x)>=\l
de.p;s:is on R indo.p:v\dhev\\' ok R

cloam: %{E\P :|A(§,R)I>E ]S ,—‘o;

This implies the lemma: JE"[ Ival(T[K])-val ()] > ]S %[E‘? (PRI ¢ ]

Tndeed, for evary choice of R, the event on the left implies the event on +he right:
o val (TER]) > val(T)+& = B[P We)p=11> B K P Vin=t]+e » B[<BE v(x))=1]+¢
» val(T) > val (TIR))+& = B [CPAVR)=1T> B [ PX Wex)p=1] +€ 2 B [CP* Vg (x)=1]+ €




Proof [3/4]

We are lef+ fo prove claim: B—{E\?:|A(§,R)l>£ ]g L
R

00

() We use a conceptrotion orgument 1o show that A(P,R) is small w.l\.\>. over the choice of R :

‘v‘?', %[ |A(BR)|> € ls z‘e_’?"gz't

Define 2;:=<P,V(x;9)> where ¢ is the i-th random s’rrinc() in R.
The random variables 2,,..,2¢ ar iid becavse ¢,.,¢ are iid.,

Observe. that: o EE[Z"]=B-[<'F7,V(X)>=I] becavse each ¢ is rondom in {o,\}vr
. Zu'l"t"'l'Zt - B[P, Vel))y=1]

Hence : _E—[ IA(?,R)|> £ 1

= B[1B [P veby=1] - BPvoo=1]]>¢ |
B

[I Z|+.'.:.1-Zt _&:[Z'“) g } < Z'Q-L'gl.t
\

additive  Chernoft  bound (for 21,2 iid. in [o,d)
12



Proof [4/4]

We are lef+ fo prove claim: B_[E\P |A(PR|>£] _'o-

O We use o concentration argument to show thot A(FR) is small whp. over the choice of R :
vF, Bl[aFRIe Tz

@ We vse o Union bound fo condvde the daim's proof.

Any Prover P 1S @& FVV\C‘\’IOV\ x—row\ franscnpi’ X0 Far o next MESSOGR .

There are o most (25)% = 2% provers (becavse input and ovtpub are of most c bits).

By o union bound on all such provers, and tfaKing t:@(cg) large enough,

-2 -2-&-t \

%E\?ilA(ﬁR)b&] % [|A(PR|>E] 277 2.e <& — .

100

13



Bounded One-Way Communication

Hovxc\lma the Case where we bound ONLY prover  communication is HARDER.

* With perfeck Completeness, wi can non-deterministically ducide the Complement.

theorem: IF [£=0, pe] < co NT'\ME(Q\O(?Q) poly (n)) N
* Without perfect completeness | i 18 more complicated. ]\;\/,ivioi_::;
Yheorem: AM[ K'FC] < BPTINE (10(\"“""%'(). Poly(n)) "'//j

theorem: 1‘)[[}: J € BPTiNE (Q\O(PQO\OQPC)’PO\)’(“))N?

theorem: IP[K, PQ] S coAM (\—ovnds=O(K)/ Pq'=ZPQ,PoI7 (Kklr\))

1
prover sends pre-image. (H,m)e lo 3o

B(O\W\-P\Q {0( qNI | R isomorphism . @:[n]1—[n]
We Know Hhat GNTE€ Iﬂ_pc ') and GNIe AM ch o) ]

But we shovld NOT expect that GNT € AM[ pc- °(|oﬂ\o3-\)] unless GNT e P

14



